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ABSTRACT
We investigate the Caucy problem for linear elliptic operators with C°°-
coefficients at a regular domain Q C R"™, whic h is a classical example of
an ill-posed problem. The Cauchy data are giv en at the manifold T'C 99
and our goal is to obtain a stability estimate in H4)(f).

1. Introduction and statement of the problem

There are several methods of treating Cauchy problems for second order elliptic
operators [6, 7]. In this paper we consider a bounded open region Q and T is a
part of 9 of the class C™ that isopen in 9. Let a function ¢ be in C?()
and we define Q. as QN {¢ > }. With these preliminaries and A an elliptic
operator, we define the following Cauchy problem:

(1.1) Au=f onQ, Biu,:gj, j<m-1 onT,
0%u € L*(Q).

It is well-known that elliptic Cauchy problems are not well-posed in the sense
of Hadamard. A famous example given by Hadamard himself [3] shows that we
cannot have continuous dependence of the data. Also, existence of solutions for
arbitrary Cauchy data {g;} cannot be assured, as shown by a simple argument
with the Schw artz reflection principle [2].

However, extending the Cauchy Kowalevsky and Holmgren Theorems to the
H-con text, it is possible to prove uniqueness of solutions in a weak sense [1, 4].

For the uniqueness and stability of the problem (1.1), we have the following

theorem.
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THEOREM 1.1: Let ¢ be a function satisfying the pseudoconvexity condition
[5]. Then for a solution u to the Cauchy problem (1.1), the following estimate
is valid:

10°ull> (2.) < C(F + M=V F),

where F' = || f|[2(Q) + > 19jllm—j—1/2(T) and M is the sum of ||0%ul|2(€2).
This theorem guarantees u on 2, provided we are able to find a strict pseudo-

convex function ¢ that agrees with Q and I'.

In this study we will be concerned with the solution of the Cauchy problem
of the kind

(1.2) AjAyu=0 inQ, du=g; onl, j=0,...,3,

v

where Ay, Ay are second-order elliptic operators. In the next section, w ewill
obtain a stability estimate in H 4)(f2), for the solution of the problem (1.2).

2. An estimate for the solution of the Cauch y problem

Let us consider the elliptic operator Au = ) a;,0;0ku + Y b;0;u + cu whose
coefficients satisfy the regularity assumptions [5] and for which a;; are real-
valued.

THEOREM 2.1: For any domain Q. with Q. C QUT, a solution to the Cauchy
problem (1.1) satisfies the following estimate:

10%ull(2)(2:) < C(F + |[ully™ () F*)  when |a| < 2,
where C and X € (0,1) depend only on ., and F = [|f[[2(22) + l[goll(2)(T) +

llg11l(1) (T).

The proof of the theorem can be found in [5]. In the following theorem, we
obtain an estimate for the solution of the problem (1.2).

THEOREM 2.2: Let Ay, As be second-order elliptic operators with C?({Q)-
coefficients. Let Q be a bounded domain in R®, and T a C*-smooth part of
its boundary 0€). Then, an H4)(f2)-solution u to the Cauchy problem (1.2) for
an y subdomainQ. C Q. C QUT satisfies the following estimate:

lullay (Qe) < CF + [lully™(Q)F),

where C, X depend on Q., 0 < XA < 1 and F = ||goll(4)(T) + - + llgall(1)(T).
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Proof: In order to provethis theorem w eshall consider the follo wing tw o
Cauchy problems:

(2.1) Au=f, Fu=g; ondQ=T, j=0,...,3,
(2.2) A f=0.
Here, f(T') = A3 U(T) can be estimated by the linear combination of go, g1 and
g2; and 9, f = (Asu)y(T') can be estimated by the linear combination of gg, g1,
g2 and g3.

It is evident that, if u satisfies the original problem, then u must satisfy the
problem (2.1) and (2.2).

Since ¢ in Theorem 2.1 is arbitrary, we can apply the theorem to the Cauchy
problem (2.1) and (2.2) and obtain the follwing estimate:

(2.3) ID%ull2(Qer) < C(FL + [lully™ FM)(Q), o] <2

where
Fi = lgoll2)(T) + llgall 1) (T) + [1£1l2(€2),

and
(24) D fll2(Q:) < C(Fy + || fII5 2 F)(2) (€' <e) and |a| <2

where

Fy = [[Azull) (") + [[(A2u)o |y (T), T"=T'NQr.
Evaluating this equality, we have
Fy < C(llgolleay (T) + -+ llgsll(1)(T).

Next, w etry to get an estimate for ||f||2(€2). First of all, by Theorem 2.1
with a = 0, we have, for Ve > 0,

(2.5) 1 £ll2(2:) < C(Fs + || £l F52)(92).

Notice that F' and f are actually related to go, ..., g3. We may confine ourselves
to an arbitrary compact set of {go, g1,92,93}. We claim that there is some mg
such that

F 1
2 > — for Vygo,...,9s.
£l = mo
If this were not the case, i.e. for Vm and 3¢7" (j = 0,1,2,3), then
B _ 1

(2.6) R
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By our assumption, we may assume {g;"} itself is con ergent to {g]}] 0 Since

[1£(g)ll2(€2)
I1£(5)12(€)
there is a neighborhood of {g;}3, denoted by N{g;}, such that if {g;} € N{g;}

then
£ (g)l2(02,) . 1

1 (gi)ll2(2) — 2

for some g¢ small enough. On the other hand, with this fixed g, we have by
(2.5)

we obviously have

=1 (6—=0),

Hf(g;n)||2(ﬂso> FZ(Q;TL> Fg(g?) A2
Treh@ < e e * (arn) )

and, for m large enough, {g7" ?:1 € N{g;}. But the above discussion together
with (2.6) gives
1 I @2(9x) F(g") ( F(g5")
27 IfgMll=() 1fCall2  MIf(7)ll

This contradiction gives the estimate || f||2 < mgFs, for some mg.

30(50)( )A) — 0 (m— o).

Now, it is clear that

27)  [[Azullz = [If12(Q) < C D ID%ulls < C(Fy + [fully M F7*)(Q)
lal<2

and, by the elliptic condition of the operator, we have

(2.8) 1D° F112(9) > allulls (€2).

Therefore, with (2.4), (2.7) and (2.8), and using the properties
(a+b)'*<a" A+ and F,F, <CF,

we get
alull @ (Q2) < C(Fy + || FII5 2 F)(Qe0)
< OBy + (Fy + [fully M M) 2 F2)()
< O(Fy + (B} 4 [l 00 g 722 ey (@
< O(F + (F'2 4 [uf|{ 073 phai=da)) phey ()
= C@2F + ||uf|! 22 pA-22)+2s)
< O(F + [lulli () FY),

where A = A; (1—X3)+ Ao, and it is very easy to verify that 1-X = (1—XA1)(1—X\a).
The proof is complete |
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